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Abstract 

I discuss isospin breaking effects within the standard model. Chiral perturbation theory presents 
the appropriate theoretical framework for such an investigation in the low-energy range. Recent 
results on the electromagnetic contributions to the masses of the pseudoscalar mesons and the 
Ki3 amplitudes are reported. Using the one-loop formulae for the 77^3 form factors, rather precise 
predictions for the decay rates of 77 — > ttIu can be obtained. Finally, I present an estimate of 
the r — * tjttu branching ratio derived from the dominant meson resonance contributions to this 
decay. 
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1 Introduction 

In the standard model of strong and electroweak interactions the violation of the isospin sym- 
metry has two different origins. First of all, it can be traced back to the different masses of up 
and down quarks. Besides that also electromagnetism induces isospin breaking effects. 

In the confinement region of the standard model the usual perturbative methods are not 
applicable. In order to obtain testable theoretical prediction also in this case one has to resort 
to a so-called low-energy effective theory. With an appropriately chosen effective Lagrangian, 
chiral perturbation theory jl], ||, ||| (which is just the effective field theory of the standard 
model at low energies) is mathematically equivalent to the underlying fundamental theory 
||]. Therefore, chiral perturbation theory presents the natural framework for the discussion of 
isospin breaking effects in the low energy range. 

In this report I shall first sketch the construction of the effective chiral Lagrangian. I shall 
then show how electromagnetic interactions can be incorporated into the scheme of chiral per- 
turbation theory. This machinery will then be applied to the mass formulae of the pseudoscalar 
mesons, in particular to the question of possible deviations from Dashen's limit [||. Then I 
shall discuss the and 77^3 form factors. The latter will then be used to obtain a standard 
model prediction for the decays r\ — * ixiv (£ = e, /x). Finally we shall leave the domain of chiral 
perturbation theory with an investigation of the decay r — * ijirv. 

This talk is based on a recent paper Q by H. Rupertsberger and myself to which the reader 
is referred for a more detailed discussion. 



2 The Low-Energy Limit of QCD 

The guiding principle for the construction of the effective low-energy theory of QCD is the 
spontaneously broken chiral group SU(3)l x SU(3)r. The Goldstone bosons of chiral symmetry 
breaking serve as the asymptotic fields of the low-energy effective theory. With these basic 
building blocks one constructs the most general relativistic quantum field theory respecting the 
chiral as well as the discrete symmetries P and C. 

To lowest order in the chiral expansion, the effective Lagrangian is given by 

Cz = ^{D li UD»rf + X U ] + x ] U), (1) 

where 

D II U = d fl U-i(v fl + a ll )U + iU(v f ,-a ll ), X = 2B(s + ip), (2) 

and (...) denotes the trace in three-dimensional flavour space. U is a unitary and unimodular 
3x3 matrix which transforms as 

U^g R Ugl g L ,R£SU(3) L , R , (3) 

under the chiral group. It incorporates the fields of the eight pseudoscalar mesons. The fields 
v^i,afj,,s,p are vector, axial vector, scalar and pseudoscalar external source terms, respectively. 
The quark mass matrix 

M = diag(m u , m d , m s ) (4) 

is contained in the scalar field s{x) which incorporates with m u 7^ rrid already the first source of 
isospin violation. The parameters F and B are the only free constants of £2 : F is the pion decay 



constant in the chiral limit, whereas B is related to the quark condensate. The Lagrangian in 
(|l]) is referred to as the effective chiral Lagrangian of 0(p 2 ). The chiral counting rules are the 
following: The field U is of O(p ), the derivative and the external gauge fields v^,a^ are 
terms of 0(p) and the fields s,p count as 0(p 2 ). 

At the next to leading 0(p 4 ) the one- loop functional generated by the lowest order La- 
grangian (|l|) is renormalized by the Gasser-Leutwyler Lagrangian || 

12 

£ 4 = E L ^- ( 5 ) 

i=l 

The Pi are operators of 0(p 4 ) like Pi = (D^UD^U^) 2 , etc. The finite parts of the ten low- 
energy constants L\, L\q can be determined ||, |j by using experimental input. (Pu and P\2 
are contact terms which are not directly accessible to experiment.) 



3 Electromagnetic Interactions 



The effective Lagrangian discussed so far allows also the description of electromagnetic pro- 
cesses, provided that the electromagnetic gauge potential A^(x) can be treated as an external 
field. As we are interested in isospin breaking effects induced by electromagnetism, such an ap- 
proach is not sufficient anymore. In this case, the photon field must be included as an additional 
dynamical degree of freedom. One-photon loops will now contribute corrections of order e 2 . 

The corresponding local counterterms can be constructed by introducing |JJ spurion fields 
Ql,r( x ) which transform under the chiral group as 



Ql -» 9lQl9 l , Qr -> 9rQr9r- 



(6) 



At the end, one identifies Ql,r with the quark charge matrix Q. The covariant derivatives are 
given by 



D^Ql = d^Q L - i[vn - Ojj, Ql], D^Q r = d^Q R - i[v^ + a M , Q R }. 



(7) 



To lowest O(e 2 p ) the electromagnetic effective Lagrangian contains a single term 



O{e 2 p ) 



F*e z Z (QWQU), 



(8) 



with a real and dimensionless coupling constant Z. The effective Lagrangians ([!]) and (Q) contain 
the lowest-order contributions to the masses of the pseudoscalar mesons from QCD and the 
electromagnetic interaction, respectively: 



Ml ± 



M 



K± 



25m + 2e 2 ZF 2 , 



2Bm, 



B 



(m s + in) 



2e_ 

2e 



(m s — in) 



+ 2e 2 ZF 2 , 
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where m denotes the mean value of the light quark masses, 



m= -(m u + md)- (10) 



(11) 



2 

The mixing angle 

_ \/3 - m„ 

4 m s — m 

relates 7r3, 7Ts to the (tree-level) mass eigenfields no, rj: 

7T 3 = 7T° - e?7, 

vr 8 = £7f° + r?. (12) 

Terms of higher than linear order in e have been neglected. In accordance with Dashen's theorem 
U , the lowest order electromagnetic Lagrangian (K) contributes an equal amount to the squared 
masses of 7r ± , K^. It does not contribute to the masses of 7r°, K°, K° or r/, nor does it generate 
7r°-r/ mixing. 

At next-to-leading 0(e 2 p 2 ) one finds the following list of local counterterms || § 

^lo(eV) = ^{^l (Q 2 ) (D^UD^) + K 2 (UQU^Q) (D^UD^) 
+ K 3 [(QU^D^U) (QU^D^U) + (QUDfJJ^) {QUD"tf)] 
+ JT 4 (D^UQU^) (D^QU) + *T 5 (Q 2 (D^D^U + D^UD^) 
+ K 6 (UQWQD^UD^ + QUQU^D^UD^) 
+ tf 7 (Q 2 ) (x^ + + (C/QC/ f Q) (x^ + x f ^> 
+ K 9 {Q 2 (Uh + X ] U + X U ] + U X ] )) (13) 
+ Kio {QU ] Qx + UQU ] QU X ] + U ] QUQU ] X + QUQx ] ) 
- K u (QWQx - UQU^QU X ] - U^QUQU^x + QUQx ] ) 
+ K 12 (D^[D»Q R , Q R ]U + D^U[D»Q L , Q L ]rf) 
+ K 13 (UD^QlU^D^Qr) + K 14 (D^Q L D^Q L + D^QrD^Qr)}. 

As in the strong sector, the divergences of the electromagnetic parts of the one-loop graphs 
are absorbed by an appropriate renormalization ||] of the coupling constants K^. 

If the class of observables is restricted to the masses of the pseudoscalar mesons, the decay 
constants Fp and the P13 form factors, we may confine ourselves to the following eight linear 
combinations of the electromagnetic coupling constants M: 



Si 


= Ki + K 2 , 


s 2 


= K 5 + K 6 , 


S 3 = -2K 3 + K 4 


Si 


= K 7 + K 8 , 


s 5 


= K 9 + 2K 10 + K n , 


= Kg, 


St 


= Kxo + Kn, 


S*8 


= ~K 12 . 





(14) 



4 Pseudoscalar Masses 



As an illustrative example for the application of chiral perturbation theory let me discuss some 
observables built out of the masses of the pseudoscalar mesons. 
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The difference of the squared pion masses can be used for extracting some information 
about the electromagnetic interaction. Up to tiny corrections of 0(e 2 ), this observable is purely 
electromagnetic, 



Ml± - M 2 = 2e 2 ZF 2 + 2e 2 M 2 K 



4S£M - WZLKfi) 



Z Ml 
/i 2 



(47T) 



+ 0(e 2 M 2 ). (15) 



This formula exhibits the typical structure of a one-loop result in chiral perturbation theory. 
It contains a so-called chiral logarithm and, in addition, contributions from local countert- 
erms. The scale depence ]|, |(| of the renormalized low-energy constants is such that the total 
(observable) result is independent of the scale parameter fi. At this point we are confronted 
with the problem that the numerical values of the electromagnetic coupling constants S^(p) are 
unknown. Chiral dimensional analysis only suggests the approximate upper bound 



\Sl(M p )\ < 



(4tt) 2 



6.3 • 10 



-3 



(16) 



The assumption that the experimental value of M 2 ± — M 2 is largely dominated by the 
leading term of O(e 2 p ), 

(17) 



M 2 



cxp 



2e 2 ZF 2 , 



together with g] F = 92.4 MeV and §] L\{M p ) = (-0.3 ± 0.5) • 10" 3 would imply 

Sl(M p ) « (-2.1 ± 1.6) • 10" 3 , (18) 



which is in accordance with (|lq). Let me remark that the validity of (|17|) is also supported by 
theoretical arguments j?], [l(| based on resonance exchange. 

A further relation which is sensitive to electromagnetic contributions is given by 



(M 2 R0 - M 2 K± + M 2 ± - M 2 ) exp - (M 2 R0 - M 2 K± + M 2 ± - M 2 ) EM 
Ml 



2 ' 



{M\ - Ml)M 2 K 
where [||, ^ 

(M 2 R0 - M 2 K± + M 2 ± - M 2 ) EM 



e 2 M 2 K 



3 In 



Mj 



4 + 2Zln- 



Mj 



+ -550i)-85?(M) + 16ZLS(M) 



+ 0(e 2 M 2 



(19) 



(20) 



It is obvious that ( |i9[) provides us with an important information about the quark mass 
ratio 



l/Q 2 :-- 



rat 



ml 



m 



2 ' 



(21) 
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The only uncertainty in the determination of (21) is again the unknown electromagnetic low 



energy constant appearing in (|20|). In Dashen's limit (corresponding to a vanishing electromag- 
netic contribution), the ratio of quark masses ( ^T| ) is given by 1/Q 2 = 1.72 • 10~ 3 . This value 
would be reproduced for 



S r 2 {M p ) - 6S r 7 (M p ) = (24.8 ± 4.8) • 10~ 3 . (22) 



In deriving J22|) I have used § Ll(M p ) = (1.4 ± 0.5) • 10~ 3 and Z = 0.8 taken from (0). The 
number in ( p2|) suggests again that the individual coupling constants S\{M p ) do not exceed the 
rather generous order of magnitude estimate (|l6|). Nevertheless, because of the large coefficients 



occurring in (20), sizeable deviations from the Dashen limit cannot be excluded. 



As an illustration, let us vary the electromagnetic coupling constant in (20) within the range 



< S r 2 (M p ) - 6S r 7 (M p ) < j—r. (23) 



(4tt) 2 " zy PJ -^^-(4^ 



From (P3|) one obtains 



1.5 • 10~ 3 < 1/Q 2 = m \ m l < 2.4 • 10- 3 . (24) 
mi — m z 



The quantity Q appears also in the analysis of r\ — > 37r decays. The calculation [jTTJ] of 
these reactions has been performed at the one-loop level in chiral perturbation theory. As the 
corresponding amplitudes are proportional to 1/Q 2 , the current experimental data Q can be 
used to extract a value for Q. However, the corrections of C(p 4 ) increase the current algebra 
value for the transition amplitude by roughly 50%, whereas the electromagnetic contributions 



are effectively of (D(e m u d) and thus expected to be small [11]. The unusually large correction of 
0(p 4 ) is due to strong final state interaction effects. As a consequence, the numerical accuracy 
of the theoretical prediction is rather modest Jl^]. If one is nevertheless willing to use the 
one-loop result for r] — * 3ir, the present experimental data are favouring a quark mass ratio 
around 1/Q 2 = 2.3- 10 -3 . Values of approximately this size are also supported by certain model 



calculations [13|, 14]. 



The knowledge of the size of the parameter Q provides us with an important information for 
the determination of the quark mass ratios m u /m,d and m s /m^. This can be seen most easily 
by writing (pl| ) i n the form of Leutwyler's ellipse |jl5| , 



(^) 2 + ^(-) 2 = l- (25) 
m d Q l m d 

One might now worry that the large uncertainties in the determination of Q due to electro- 
magnetism could call in question the standard results jll| for the quark mass ratios. However, 
there are still additional constraints []l5[ on m u /m,d and m s /md from the mass splitting of the 



baryons Jl6| , 17] and from an analysis of 77 — rj' mixing ||. The whole situation is displayed 
in Fig 1. We see that in the relevant region (determined by the restrictions from R and the 
T] — 7]' mixing angle) the effect of a possibly large deviation of Q from Dashen's value is not too 
dramatic. 
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m s /m d 



25 
20 
15 
10 



R 



m d -m u 



43.5 ±3.2 



le 



'/'/ 



(22 ±4)° 



_l I I I I I I I l_ 



m u /m d 



0.0 



0.5 



1.0 



Figure 1: The elliptic band corresponds to the range (24). 



5 Kfs form factors 

After having seen the potentially large electromagnetic contributions in the spectrum of the 
pseudoscalars one might expect the same feature also for other isospin violating observables. 
The following example will show you that this is in general not the case. For the ratio rxn of 
the Kps form factors one finds the following expression ||: 



f. 



(0) 



(0) 



1 + Vaie 



+ 



^_ Ml 

Ml 



4(4vr 



(26) 



M? - is the off-diagonal element of the ir° — n mass matrix in the basis of the tree-level mass 



eigenfields n ,?}. Explicitly, it is given by 

2e 



M| 0f5 



3(4vr) 2 F 2 



{64(47r) 2 (Mi-M ff 2 ) 2 [3L 7 + L^)] 



M 



Ml(M 2 K — Ml) In — j- — 2M 2 K {M 2 K - 2M 2 ) In 



M 



K 



M 2 

+ Ml{M 2 K - 3M 2 ) In -f - 2M 2 K {M 2 K - Ml) 



(27) 



2 V3 e 2 Ml 



27(47r)2 ' y | 2(4vr) 2 [2^(^) + 3550*)] - 9Z fin ^ 



In the limit e = 0, the formula for tk-k has already been worked out [18, |0| some time ago. 
The data on the decays K + — > 7r°e + i> e and K° — > 7r~e + is e show clear evidence for the presence 
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of isospin breaking. Dividing the rates by the relevant phase space integrals (including those 
electromagnetic corrections which are sensitive to the lepton kinematics one finds m 

fK+TT° (Q\ 

1^5 — — I 2 = 1.057 ± 0.019, (28) 

which implies 

(r-^-l) exp = (2.8±0.9)-10- 2 . (29) 
For our numerical analysis || we have used the value for s extracted from the mass splitting 



in the baryon octet JO], 17], 



e = (1.00 ±0.07) • 10~ 2 . (30) 

With the usual numerical values || for the low-energy constants Lj,L$, the QCD contribution 
to rx-w — 1 is given by 

(rjor - 1)qcd = 2.1 • 10~ 2 . (31) 
Assuming the validity of (|l6|), the electromagnetic contributions are expected to be rather small, 



< (r K * ~ 1)em < 0.2 • HT 2 . (32) 



6 T] — ► 7r£v 



Also the rj£3 form factors f±*(t) have been calculated || at the one-loop level in chiral pertur- 
bation theory including the electromagnetic contributions of 0(e 2 p 2 ). Quite remarkably, /^(O) 
can be related to the the ratio of form factors r^n by the parameter free relation 

ffl^^-'-W'l (33) 



Inserting the experimental value for tk-k — 1 given in (|29D, we obtain the prediction 

ff(Q) = (1.6 ±0.5) • 10~ 2 . (34) 
Although interesting in principle, this approach is drastically depreciated by the large error 



in (34). The more promising strategy is certainly to employ again the input parameters which 



have already been used in deriving ( |3l| ) and (p^). In this case, we obtain 

/r(0)lQCD = 1.21-10- 2 (35) 

for the QCD contributions. As in the case the electromagnetic contributions are expected 
to be rather small, 

0.02 • 10- 2 < /7(0)| EM < 0.15 • 10- 2 . (36) 

With the full expressions for the form factors f±(t) the branching ratios of the decays r/ — > 
Triu (£ = e, /d) can be computed Q. Taking into account the uncertainties due to electromagnetic 
contributions which have been estimated by using (|i~6|), one obtains H 



4.7 • 10~ 14 < BR{r, -> vr+e"^) < 5.8 • 10" 14 , 

3.4 • 10" 14 <BR(r] -» it+li-^) < 4.1 • 10" 14 . (37) 
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Adding all four decay channels, one arrives at 

1.6 • i(r 13 <, BR ^n -> 7r± ^ T W) & 2 -° • 1(r13 - ( 38 ) 

The most powerful source of r/ particles is presently installed at the SATURNE synchrotron 
in Saclay. In this rj factory, the reaction pd — » 3 He 77 serves as a source of ~10 8 tagged rj particles 
per day |20| . So we see that the reaction r\ — ► 7r£i^ is still out of the range of present experimental 
facilities. On the other hand, the observation of a decay rate considerably larger than the upper 
bound in (^) would be a clear signal for a deviation from the standard model. 

7 T — > IJTTU 

The decay r — > 177^ is sensitive to the same hadronic form factors as rj — > 7t£za However, for 
the r decay the invariant mass of the 777t system lies in the range M v + < yi < m T , which 
is already outside the domain of applicability of chiral perturbation theory. In order to obtain 
reasonable theoretical results also in this intermediate energy range the dominant contributions 
of the lowest-lying resonance states have to be taken into account ||. The presence of these 
resonances shows up by the appearance of poles in the amplitudes for certain values of the 
kinematical variable t. 

Meson resonances can be incorporated in the effective chiral Lagrangian as additional degrees 
of freedom [|, p. They carry nonlinear realizations of the chiral group G depending on their 
transformation properties under the diagonal subgroup SU(3)v- 

In the case of r — > rjirv one has to consider the resonance contributions from p(770) and 
ao (980). The final result || for the hadronic form factors contains the vector decay constant 
F ao as the only free parameter. Taking |-F ao | = 1-28 MeV from a QCD sum rule analysis |^ |, 
we obtained the prediction || BRir — > rj-Kv) ~ 1.2 • 10 -5 , to be compared with the present 
experimental bound [2j| BR(t — > r)irv)\ exp < 3.4 • 10~ 4 . Therefore, the detection of the decay 
r — > iqixv is to be expected in the near future. The measurement of the decay rate can then be 
used for a determination of F ao . 
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